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Aichelburg-Sex| boost of domain walls and cosmic strings

C. Barrabe*
Laboratoire de Mathmatiques et Physique Ttreque, CNRS/UMR 6083, Universike Rabelais, 37200 TOURS, France

P. A. Hogan
Mathematical Physics Department, National University of Ireland Dublin, Belfield, Dublin 4, Ireland

W. Israef
Physics Department, University of Victoria, Victoria, Canada
(Received 30 April 2002; published 31 July 2002

We consider the application of the Aichelburg-Sex| boost to plane and line distributions of matter. Our
analysis shows that for a domain wall the space-time after the boost is flat except on a null hypersurface which
is the history of a null shell. For a cosmic string we study the influence of the boost on the conical singularity
and give the new value of the conical deficit.

DOI: 10.1103/PhysRevD.66.025032 PACS nuniberll.27+d

I. INTRODUCTION with different equations of state would be straightforward
from our analysis. We also consider the case of a straight
The properties of the space-time which results fromcOsmic string. An interesting aspect of this case is that the
boosting a spherical mass to the velocity of light were firstinitial space-time possesses a conical singularity and one
studied by Aichelburg and Sekl]. This was later extended May wonder how this geometrical property is affected by the
to the Kerr geometry2,3] and to a static axially symmetric P0OSt. o
source characterized by its multipole momef4g In all The Alchel_burg-SexI boost has been utilized in the_ study
those cases the space-time after the boost is flat except orPhthe dynamics of compact objects at extreme energies such
singular null hypersurface. The Riemann tensor vanishes e\ for instance th(_e scattering of uItrareIatlwspc b_Iack hole.s
erywhere except on this surface, its nonvanishing compom- More recently it has received mgch attention in a cIasg-
nents have @-type singularity whose value depends on the€@ model for high-energy scattering in quantum gravity
mass of the boosted partidl2] or on the multipole moments which offe_rs the exciting prospect that _black holes coqld be
of the boosted sourdet]. Furthermore the singular null hy- p_roduced in future accelerators. For this and other points of
persurface which is produced by the boost represents thdeW seel(8].
history of a plane impulsive gravitational wave and admits a
singular line along one of its null generators. In all these
examples the Aichelburg-Sex| boost produces a change of Domain walls are two-dimensional topological defects in
the algebraic type of the Weyl tensor. ordinary space and are characterized by an equation of state
The properties of singular null hypersufaces, i.e. spacefor which the surface energy density is equal to minus the
times with a Riemann tensor havingsetype singularity with  surface pressure. The space-time model in general relativity
support on a null hypersurface, have been studied alreadyf the gravitational field of such a source has been given by
[5,6]. It has been shown that in general a null shell and arvilenkin [9] for planar walls. It is conformally flat, locally
impulsive gravitational wave co-exist and that the singularfiat (except on the hypersurfaze=0, the history of the wall
null hypersurface represents the history of both the shell angind all slicesz= const are isometric to de Sitter space.
the wave. One may then ask the following question: Canone we first generalize the Vilenkin solution to
find sources for which the Aichelburg-SeXI boost produces E(n+ ]_)_dimensiona| Space_tinm_ The domain wall is thus
null shell in addition to, or in place of, an impulsive gravi- an (n—1)-dimensional surface and its history is a timelike
tational wave? n-dimensional hypersurface M. We will consider only pla-

~ In this work we consider two examples, one correspondnar domain walls and start with a line element kbhaving
ing to a plane distribution of matter and the other to a linethe form

source. Planar sources have received considerable attention

in the recent past in the context of brane cosmology. We have  d5°=0,5dx“dx?=e?"@y,(x*)dx?dx°+dZ. (2.1)
chosen here to study the effect of the Aichelburg-Sexl boo
on planar domain walls both in vacuum andamti) de Sitter
space, and with arbitrary dimension. Generalization to wall

II. BOOSTING DOMAIN WALLS

Slt-|ere Greek indices take values 0,1,2. ,n while Latin in-
dices take values 0,1,2..,n—1 andx"=z. Also V is a
%unction ofzonly andy,,= y,4 are functions ok® only. The
components of the Riemann curvature tensor for the metric

iven via the line elemen®.1) are
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Raben=0, 2.3

—e?V(V'+V'?) y,q, (2.9

Rancn=

whereR4,. v) are the components of the Riemann curva-

ture tensor calculated with the metric tensqg,. The Ricci
tensor components for the metric tengQy; given above are

Rab=Rap( ) — ezv(v’,'l' nvlz) Yab» (2.5
Ran=0, (2.6
Rnn=—Nn(V"+V'?). (2.7)

If we now require that the space-tini be conformally flat
then the vanishing of the Weyl tensor for the metgigs
results in

R(y)
Rabed ¥) = m(?’ac%d Yad¥be)- (2.9
Hence the slicesz=const have constant curvature

R(y)/n(n—1) providedn>2. The Einstein tensor calcu-
lated with v, is given by

on (2.9

Gap(y)= ( ) R(¥) Yab-

The Einstein tensor calculated with the metig; of M has
nonidentically vanishing components

Gh=e #Gy(y)+(n—1)| V'+

EV’Z%‘;, (2.10

1 1
Gﬂ=—Ee_ZVR(y)—I—En(n—l)V’Z. (2.11)

Substituting Eq(2.9) into Eq. (2.10 and eliminatingR(y)
from the resulting equation using E®.11) we arrive at

Ga= %(n—Z)Gﬂ—i—(n—l)(V”—l—V’z) & (212
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V(z)=In(c|z|+1), (2.19

which now, of course, no longer satisfies Eg.13 on z

=0 but satisfies
V// V72

2¢8(2), (2.16

where §(z) is the Dirac delta function which is singular on
z=0. In addition the Einstein tensor & no longer vanishes
throughoutM. The nonidentically vanishing components are

(2.1

It thus follows thatz=0 is the history inVl of a domain wall
with surface energy density and surface pressui given
by

=2¢c(n—1)8(z) 55

C
~2-(n=1). (2.18

o=—P=

In order to haver>0 we must require<0. It follows now
from Eq. (2.10 that

Gi(7)=—\6&R, (2.19

with

(2.20

1
E(n_l)(n_2)02>0'

Hence each hypersurfa@e=const inM is isometric to de
Sitter space. _

Let us now put x3=(x°x") with x°=t and i
=1,2,3...,n—1. The line element oM takes the form

ds?=(c|z]+ 1) —dt?*+e ¢tdx dx]+dZ. (2.20)

If we transformz to a new transverse coordinateon either
side ofz=0 such that |z|+ 1= e then this line element
becomes
ds?=e?°lZ(—dt?+dz?) +e 2" 12hdxidx. (2.22
This generalizes ton(+ 1)-dimensional space-time the solu-
tion of Vilenkin [9]. The non-identically vanishing compo-

With these preliminaries completed we shall now considenents of the Einstein tensor & now read
the two cases of the history of a domain wall in a vacuum

space-time and ifA)dS space-time.
For a domain wall in a vacuun33=0) the above equa-
tions give the following equation fov(z):

V' +V'2=0. (2.13
The general solution is
V(z)=In(c z+1), (2.149

wherec is a constant of integration. The second constant o

=2c(n—-1)8(2) & (2.23
Now make the Lorentz boost in th&direction,
t=t_coshX—ZsinhX,
(2.249

Z=Zcoshy—tsinhy, Xx=x.

The Lorentz factor of the boost is coghlt is convenient to
Fewrlte this transformation in terms of the two null coordi-

integration has been put equal to unity without loss of gennatesu—t—Z andv=t+Z so that

erality. However a planar domain wall witt=0 as its his-
tory in the space-timé& must be reflection symmetric in
=0. To achieve this we adjust E(R.14) to read
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Following [1] this boost is first applied to the line element 2

(2.22) and then we take the limit in which the velocity of the V'V 2=~ nn—1) Al (2.34
boost tends to the speed of light- + ). This results in

Eq. (2.22 becoming We obtain reflection symmetric solutions, in the same way as

s e 260 U T in the vacuum case, by first solving this equation and then
ds’=—e*dudv+e dxdx, (226  replacingz by |z| in the solution. We find that iA >0 then

where the parametar is related to the parameterin Eq. eV=acosA_|z|+BsinA.|Z|, (2.35
(2.22 via

_ 2N ]

c=c coshy. (2.27) A= nn=1)| (2.39

The transformed Einstein tens@aﬁ vanishes except for and if A<O then

Guu=2c(n—1)8(u). (2.28 eV=a coshA_|z|+ BsinhA_|Z|, (2.3
Whenu#0 the line element2.26) can be transformed into 2A Y2
Minkowskian form = Thin—1)| (2.38
ds’=—dU dV+dx'dX, (229 yith « and B real constants. In place of E(R.34 these
by the transformation quantities satisfy
2 B
€ o " 12 _ -
Ue Sqerea_y) 230 VIV SR 2AL 8D, (239
2c
- — and
V=v—c(1—e)el X X, (2.31) 5
R a9 (.32 Gh=— A&+ 2A.(n—1)—8(2) &. (2.40

where e=sign (u). We conclude from Eq(2.289 that an In order to have a positive surface energy density we must
Aichelburg-Sexl boost of a planar domain wall in the direc-take a 8<<0. In addition we find in this case that
tion transverse to the wall results in a planar null shell whose

. . — . . S(y)=—\ &5, 2.4
history is the null hypersurface=0 in otherwise flat space- Gp(y)=—\ & (2.4
time and with energy density=c(n—1)/4sr. The null shell  with
is not accompanied by an impulsive gravitational wave since
we started with a space-timd which was conformally flat. 1 2, 2. 2

We next consider a domain wall ifA)dS space-time. A=5(n=1)(n=2)AL(B"* a), (2.42

Thus in addition to our assumption that the space-tinbe

conformally flat we now assume that its Einstein tensor hasind so the hypersurfaces-const have de Sitter geometry

the form provided|B|>|«|. As in the vacuum case we next make a
change of the coordinateto Z such that

Gp=—Adg, (2.33
dz=e Vdz (2.43
where A is a constant. Using Eq2.12 we find that the
equation forV(z) in this case reads Calling V(Z) =V (z(Z)) we find that

W) VB?= a’cosiA. B2+ a?|Z|)— B sinh A /—ﬁzi 22z|)
e =

2T ' (249
and the line element dfl now reads
d2=—e2 VD (—d2+dZ2)+ 2 VD2 A NB L atgyl gyl (2.49

where, as in the vacuum casé=t. Making the Lorentz boost as before and taking the lignit + we obtain

d2= — 2 W qudy + 2 MW -2 A VB aPugyigyi (2.46
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with
A.=A. coshy, A=A cosiy, (2.47)
and
i BPE aPcosA. B2E a?|u]) — Bsini(A . B a? |u])
o V) — . (2.48
N
|
;[)r;e Einstein tensor in the infinite boost limit vanishes except —dudp+ d?er?z. (3.6
8 In the limit (y— + =), the boos{3.5 becomes lightlike. On
J— — o _ .
Guy=—2A.(n=1) 77 4(U). (2.49 ~ noting that

Here again we have arrived at a null shell in flat space-time.

[ll. BOOSTING COSMIC STRINGS

A cosmic string is a line source characterized by a conical
singularity. For an infinite straight cosmic string at rest and

extending along the axis, the metric takes the form

ds?=—dt?+dp?+a?p’dp?+d 2. (3.2

Here, ¢ runs from 0 to 27, and the parametex takes ac-

count of the conical defici ¢, given by

A
—¢=1—a=4ﬂ,

oy (3.2

whereu is the mass per unit length of the string. In terms of The linear mass density of the string measured in the labo-

the rectangular coordinates

X=pCOS¢p, y=psSing, (3.3
the metric(3.1) reads
xdy—ydx)?
d32=—dt2+dx2+dy2+d22—(1—a2)%.
Xty
(3.9

We now boost the string sideways along théirection,
by making the coordinate transformation

_ — u v
t=t coshX—xsinhxzzeX+ Ee*X,

(3.5

_ — u v
X=X coshy—tsinhy=— EeX+ Ee‘X,

Hereu=t—Xx, v=t+x are the plane lightlike coordinates.

The flat part of the line elemeri8.4) (the first four terms
then becomes

e¥
xdy—ydx=7(ydu—udy)+O(e‘X),

2x
x2+y?= T(u2+ b?)+O(e %), 3.7
where
1)
b’=4 e‘z’((yz— EUU), (3.9
the last term of Eq(3.4) reduces to
ydu—udy)?
—(1—a2)(y_—y)+0(e*2X). (3.9
u?+b?

ratory frame is

1
,u=,u,cosh)(=z(1—a)cosh)(. (3.10

To obtain a regular limiting geometry we must requireo
remain bounded ag— +. This introduces an additional
factor e X into Eq. (3.9 through the coefficient (%a?).
From the identity

tI)iLnOUZ-I- b2 m (W), (319
it follows by Eg.(3.8) that
“y .
Xirrjxmz Tﬂﬁ(u). (3.12

Inserting this into Eq(3.9) and combining with Eq(3.6), we
obtain the final limiting form of the boosted metric

ds?= lim ds?=—dudy +dy?+dz2—8muly|S(u)du?.
X—t®
(3.13

025032-4



AICHELBURG-SEXL BOOST OF DOMAIN WALLS AND . .. PHYSICAL REVIEW D66, 025032 (2002

This represents the geometry of an infinite straight lightlikeCombining these results leads to Eg.15).

string whose world sheet is the 2-flat The Ricci tensor of they planes, is, by Eq.(3.15),
u=t-x=0, y=0, (3.14 DRap= (A ) Pgapd,, (3.22

and whose mass per unit length measured in the laborato#y Which the 2-metric®®)g,, can be decomposed as

frame is . _ . @)gap=p,apo 8%’ bradhn - 323

We shall now show that Eq.3.13 describes a conical
smgularlty along the axis moving at the speed of light in Since the extrinsic curvature of, is zero, the four-
the x direction, with angular deficit\ ¢ related to the line dimensional Ricci tensor of the metri8.1) can be read off

density in the laboratory frame by an equation identical in & ©nce from Eq(3.22. Itis

form to Eq.(3.2). There are two ways of approach to this. We Ad

can start from the con!cgl cu_rvatyre S|.ngu'lar_|ty of metric (4)Raﬁ:_6(X)5(y)(pvapvﬁ+a2p2¢1a¢1ﬁ)1 (3.29

(3.1 representing the original timelike string in its rest frame a

and apply the boosB.5). Alternatively we can work directly

from Eq. (3.13. This is a metric of Kerr-Schild form. Both

approaches are of interest and we shall consider them in turf’
In the first approach we begin with the static string line

element(3.1) or (3.4). The angular deficil ¢ of a 2-plane —

in which Greek indices are 4-dimensional and a comma de-
notes partial differentiation.
Under the boos(3.5), we have for largey,

X
S, of constantz andt is associated with the distributional p=|x|= e_|U|, ¢=tan*1¥= O(e ),
curvature 2
@R=2(A¢)6,, (3.19 S(x)=2e"Xs(u). (3.29
where

We rescale\ ¢ to a new paramete? ¢ by analogy with Eq.
1 (3.10,
&= Pg 25(x) 8(y) =500 8y), (316 _
A¢=(A¢)coshy, (3.26
is the invariant two-dimensional delta function concentrated

at the origin. To check Eq(3.15, note that for Gaussian and required ¢ to stay bounded ag— + . In this limit the
p0|ar coordinates second term of qu 24) becomes negllglblea—>1 by Eqg.

(3.2), and we obtain
dstyy=dp®+2(p, ¢)d¢?, (3.17 o
@R, 5=(A¢)8(U)S(Y)U, 4l 5. (3.27)
and the Gaussian curvature is
Thus the stress-energy tensor

2
@R=—<3f(p.¢). (3.18 Ap
TQBZEE(U)é(y)u,au,B, (3.28
We temporarily smooth out the conical singularity @t 0
by choosing to be any smooth functiof,(p) satisfying the is indeed that of a distributional lightlike source having as its
conditions history in space-time the null 2-flat=y=0, and with mass
t.(p) per unit length

fdp)=ap (p=¢), lim =1. (3.19 _
p—0 p J— A_¢ (3 29
K= gm ‘
Then
. measured in the Iaboratorlframe.
f f @R@gY2qpd = _47-,f ((yife)dp:477(1—f;(e)) To establish the role oA ¢ in Eq. (3.27) as an angular
0 deficit in the laboratory frame, consider the 2-spageof
=47m(1—a). (3.20 constantz andt in the geometry(3.13. Recalling thatu
. . _ ! =t—X, we obtain, from Eq(3.27),
The conical deficitA ¢ is defined by
(MR—= (A, ) S(V)
_ [ circumferenc o fdle) Roc= (8¢)3(x) 8(y). (3.30
2n—A¢=Ilm| ——r—— =lim =2ma _
€0 radius | __ o € Now, u, , is lightlike and geodesic for the flat background of

(3.2)  the Kerr-Schild metric(3.13, and therefore retains these
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properties with respect to the full metric. From_thls geodesic (4)Raﬁ=(8HH ,E—VZH)u,avﬁ—4H,;u,(av,B)
property and the Gauss-Codazzi equations it follows that -
DR = PR Thus —4H,,eu, g, (3.33

1 S — 2_ 20 22 a_ (g o (3) _ 7va) sy :
E(2)R: @R = DR-=(Ap)6(x)8(y). (3.3D whereV :&yﬁ_hﬁ,_x =(y,z) ande,’=dx?/dx". Inserting
H=—4mus(y)s(u) from Eq. (3.13, so that V’H=
According to Eq.(3.15), this is indeed the distributional cur- —8u5(y) 5(u), we obtain

vature in thexy-plane corresponding to an angular deficit _—— —— —
o y-p p g 9 MR, 5=8mud(y)S(U)U, U, 4, (3.39

The alternative route to these results is to proceed directlh agreement with Eqg3.27) and(3.29.
from the Kerr-Schild metriq3.13 for the lightlike string.
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